that if m(a) general points have the expected resolution then so do n(a) general points.
Shortly before the end of the writing of this paper, we were informed that Miró-Roig and Pons-Llopis were able to prove the existence of zero-dimensional schemes on certain surfaces (in P 3 in [21] and on certain del Pezzo surfaces in [20] ), having the predicted resolution, although these zero-dimensional schemes do not necessarily lie on the same component of the Hilbert scheme as a general set of suitably many points on those surfaces. They were also able to prove, using Casanellas' result, that the expected resolution holds for any number of points on a smooth cubic surface in P 3 . The subsequent discussion between us resulted in improvements in all three papers, and we are very grateful to R.M. Miró-Roig for these helpful discussions. We also thank the referee for careful reading of the manuscript, and for suggestions that led to an improvement in the exposition.
Preliminaries
We begin by fixing some notation. Let R = k[x 0 , . . . , x n ] where k is an algebraically closed field. For any subscheme X ⊂ P n of dimension d, let I X ⊂ R be the saturated ideal of X, H X denote the Hilbert function of R/I X , P X denote the Hilbert polynomial of R/I X , and ω R/I X := Ext n−d R (R/I X , R)(−n − 1) denote the canonical module of R/I X . By the regularity of X, denoted reg(X), we shall mean the regularity of I X unless X = P n , in which case we define the regularity of X to be 1.
Definition 2.1. If
F : 0 → F r → · · · → F 1 → R → R/I X → 0 is the graded minimal free resolution of X, then the Betti numbers, denoted β i,j (X), are defined as
The Betti diagram of X is a table in which β i,j (X) can be found the column labeled i and the row labeled j.
Now suppose X ⊂ P n is a projective variety and Z ⊂ X is a general set of t points on X (where we shall say that a statement holds for a general Z if it holds on a nonempty subset of the family of all Zs). Let a be such that P X (a−1) ≤ t < P X (a). Assume that t is large enough that a ≥ reg(X) + 1. The version of the Minimal Resolution Conjecture that we will be looking at here (see [9] ) holds for t if for every set Z of t general points on X, β i+1,r−1 (Z)β i,r (Z) = 0 for all i.
Mustaţǎ showed in [22] that the Betti diagram of Z is completely determined by the Betti diagram of X up to row a − 2 (which is greater than or equal to the index of the last nonzero row in the Betti diagram of X), and that it has exactly two nonzero rows after that (namely rows a − 1 and a). Further, Mustaţǎ was able to give lower bounds for the Betti numbers in these last two rows. His results are precisely summarized in the following theorem.
Theorem 2.2 ([9]
). Assume that Z ⊆ X is a general set of points, with P X (a−1) ≤ t < P X (a) for some a ≥ m + 1, where m = reg X.
(i) For every i and j ≤ a − 2, we have β i,j (Z) = β i,j (X).
(ii) β i,j (Z) = 0, for j ≥ a + 1 and there is an i such that β i,a−1 (Z) = 0.
where
In particular, β i+1,r−1 (Z) ≥ max{Q i,a (t), 0} and β i,a (Z) ≥ max{−Q i,a (t), 0}.
The Minimal Resolution Conjecture states that in fact β i+1,r−1 (Z) = max{Q i,a (t), 0} and β i,a (Z) = max{−Q i,a (t), 0}. That is, the minimal free resolution of a general set Z of t ≥ P X (a − 1), a ≥ reg(X) + 1 points has no twists repeated in consecutive modules in the resolution (i.e. the resolution has no ghost terms) if and only if the Minimal Resolution Conjecture holds for Z.
Let A = ⊕ e i=0 A i be an artinian standard graded k-algebra and m A = ⊕ e i=1 A i . Recall the following definitions:
(1) The socle of A is
Note that soc(A) is a homogeneous ideal of A (since m A is), and so we can speak of its graded pieces. (2) The socle degree of A is e, i.e. it is the largest i such that
(4) If the socle vector of A is of the type (0, . . . , 0, c) for some c ≥ 1, then we say that A is a level algebra of type c, or simply a level algebra.
One of the tools that we will use in this paper is artinian reduction. Definition 2.4. Let X ⊂ P n be an arithmetically Cohen-Macaulay subscheme of dimension d, and L 1 , . . . , L d+1 ∈ R be general linear forms. Let
S is isomorphic to a polynomial ring, and J is an ideal in S. Then S/J is an artinian ring, and we say that it is an artinian reduction of R/I X (or, by abuse of notation, of X). (See [19] .)
Recall that the graded Betti numbers of R/I X (as an R-module) are the same as those of its artinian reduction (as an S-module). We can use the artinian reduction to extend our definitions of h-vector and level algebra to the non-artinian case.
Definition 2.5. If A is any Cohen-Macaulay standard graded k-algebra, we define the h-vector of A to be the h-vector of an artinian reduction of A. Similarly, we say that A is a level algebra if an artinian reduction of A is a level algebra. Remark 2.6. If A = S/J is an artinian standard graded k-algebra, where dim S = m, we denote by ω S/J the canonical module of S/J, i.e.
Note that ω S/J is isomorphic to the k-dual of S/J as an S-module (see [19] , pg. 33). We will use the following two facts (see [3] , Cor. 3.3.9):
(1) The Hilbert function of ω S/J is the reverse of that of S/J. (2) The minimal free resolution of ω S/J is the dual of the minimal free resolution of S/J, shifted by m.
Hence the Betti numbers of the last free module in the minimal free resolution of S/J are the same (up to dualizing and shifting by m) as those of the first free module in the minimal free resolution of ω S/J . To study the end of the minimal free resolution of S/J, then, we have to study the degrees of the minimal generators of ω S/J . Thus to study the end of the minimal free resolution of R/I Z , for Z arithmetically Cohen-Macaulay, it suffices to study the minimal generators of the canonical module of an artinian reduction of R/I Z .
The main tool that we will use in this paper is liaison. Here we will give the main facts that we will use; see [19] for details and references. Definition 2.7.
(1) Let V, W be subschemes of P n of codimension c, and X be arithmetically Gorenstein (of codimension c). We say that V is directly
If X is additionally a complete intersection, then we say that V is directly CI-linked to W by X. Remark 2.8. If V X ∼ W , then there are many properties of W which we can find easily if we know the corresponding property of V . We list some here.
If V and W are directly G-linked by X in P n as above then all three have the same codimension, say c. Furthermore, V is arithmetically Cohen-Macaulay if and only if W is arithmetically Cohen-Macaulay. Assume (as a special case) that this holds, and that I X has a minimal free resolution
Then we have a short exact sequence
Recall the mapping cone construction:
be a short exact sequence of R modules, and suppose that
are free resolutions of M and N , respectively. Then α lifts to a map between the resolutions ξ * : F * → G * and
is a free resolution (possibly not minimal, even if F and G were minimal) for P , where
Applying the mapping cone procedure to the short exact sequence (1), we can get a free resolution for W from free resolutions for V and X. Lemma 2.10. Let V X ∼ W where V, W ⊂ P n are arithmetically Cohen-Macaulay of codimension c and X is arithmetically Gorenstein with minimal free resolution
Suppose that we are given a free resolution for I V of the form
Then there is a free resolution for I W of the form
There is a nice relationship between the degrees of V , W , and X.
We shall care about the case when V and W are curves. In this case, there is also a nice relationship between the arithmetic genera of V and W . Lemma 2.12. Assume V X ∼ W , where X is an arithmetically Gorenstein curve in P n with minimal free resolution
and let g 1 and g 2 be the arithmetic genera of V and W respectively. Then
A useful result about the relationships between the h-vectors of V , W , and X is: Lemma 2.13. Let V X ∼ W where V and W are arithmetically Cohen-Macaulay of codimension c in P n and X is arithmetically Gorenstein with socle degree r = t − c. Let V , W , and X have h-vectors, respectively, (1, a 1 , a 2 , . . . , a k ), (1, b 1 , b 2 , . . . , b ), and (1, c, c 2 , . . . , c r−2 , c, 1). Then
Remark 2.14. In this paper we will use semicontinuity in the following way. We will be working on an irreducible cubic surface X with finitely many singular points, and we want to deduce a property for a general set of t points on X. We want to restrict to sets of t points whose Hilbert function is as generic as possible given that the points lie on X (see the table on page 8); we will refer to this Hilbert function as the generic Hilbert function for t points on X. We would like to say that if we produce one example with this property, then the result holds, by semicontinuity, for a general set.
Indeed, letX denote the open subset of smooth points of X. A result of Fogarty (cf. [23] page 5 and Theorem 1.8) gives that the Hilbert scheme parameterizing zero-dimensional subschemes ofX of any fixed degree is irreducible (in fact smooth). By semicontinuity, an open subset corresponds to sets of points with generic Hilbert function. Thus we have an irreducible quasi-projective variety parametrizing the zero-dimensional subschemes, supported on smooth points of X, with generic Hilbert function. The general such subscheme consists of reduced points. We will work on this quasi-projective variety.
The fact that graded Betti numbers obey semicontinuity for ideals in an irreducible family with fixed Hilbert function was shown, for instance, in [24] , Lemma 1.2.
Result
Notation 1. Set the following additional notation:
where k is an algebraically closed field. Since we use Bertini's theorem, for simplicity from now on we assume that k has characteristic zero. Note that for a ≥ 2, if Z is a set of h(a), m(a) or n(a) general points on a cubic surface, the socle degree of the artinian reduction of R/I Z is a.
Mustaţǎ showed in [22] (Examples 1 and 2) that the Minimal Resolution Conjecture holds for t = h(a) = P X (a) or t = h(a) − 1 = P X (a) − 1 for a ≥ 3, where P X is the Hilbert polynomial of any irreducible cubic surface X ⊂ P 3 , smooth or not. In [4] , Casanellas showed that the Minimal Resolution Conjecture holds on a smooth cubic surface X when t = m(a), m(a) + 1, n(a), or n(a) + 1, also for a ≥ 3, and, in particular, explicitly gives the minimal free resolutions in these cases. Her approach is via Gorenstein liaison and a clever but very technical application of the mapping cone construction.
Our goal in this paper is to prove the following theorem.
Theorem 3.1. Let X ⊂ P 3 be a cubic surface. Assume that X is either smooth or else it has finitely many double points. Let Z t be a set of t ≥ 7 general points on X. Let a be the integer defined by h(a − 1) < t ≤ h(a) and let b = t − h(a − 1). Then we have that the graded minimal free resolution of t general points on X is:
(Note that in the overlapping cases, substituting for the appropriate value of b in each resolution will give the same Betti numbers.) In particular, the Minimal Resolution Conjecture holds for a general set of t points on X.
Throughout this paper, we will say that Z t has the expected resolution if its resolution is the one predicted in Theorem 3.1.
Remark 3.2. In the theorem above, the assumption t ≥ 7 is needed only to guarantee that I Zt requires a cubic generator, so that the stated resolutions are minimal. But it is easy to check that t ≤ 6 points on any irreducible cubic surface X also satisfy the Minimal Resolution Conjecture: the case t ≤ 4 is trivial, five points are arithmetically Gorenstein [6] , and six points are linked inside a complete intersection of three quadrics to two points, so an easy mapping cone computation gives the result.
We will prove this result via a series of propositions. Proposition 3.3. Let Z t denote a general set of t points on X. For any a ≥ 4, if Z m(a) and Z n(a) have the expected resolution then so does Z t , for h(a − 1) < t ≤ h(a).
Proof. The case t = h(a) follows immediately: from the Hilbert function it is clear that apart from the cubic generator (except when a = 2), all the generators have degree a + 1, and the algebra is level with 3a-dimensional socle in degree a. This means that the minimal free resolution has the form
and F can only be a suitable number of copies of R(−a − 2). The remaining cases are:
Case 2. m(a) + 1 ≤ t < n(a).
Let f be a homogeneous cubic form that defines X and let I Zt be the saturated ideal of Z t . For any set of points in P 3 , we can find a linear form l such that l does not vanish at any of the points; without loss of generality we may assume l = x 3 .
Notice that S/J Zt is an artinian reduction of R/I Zt . Since x 3 is a non-zerodivisor on R/I Zt , the graded Betti numbers of I Zt as an S-module are the same as the graded Betti numbers of J Zt as an S-module. Thus, it is sufficient to find the graded minimal free resolution of J Zt as an S-module. We shall do this by counting linear syzygies for J Zt and for the canonical module ω S/J Z t .
Note that we have the following Hilbert functions: 2) . Additionally, by assumption we have the following minimal free resolutions:
By the Hilbert Syzygy Theorem, the maximum length of the minimal free resolution of J Zt is 2. Routine calculation will give us that the middle free module is
, Case 3 once we have found the first and last free modules and checked that they coincide with the expected ones.
We begin with the first free module. From the Hilbert functions given in the table above, and since we assumed a ≥ 4, we see that J Zt must have 3a − b generators in degree a. Further, for any i < a, we see that (S/J Zt ) i = (S X ) i , and so J Zt has one generator in degree 3, and none in any other degree less than a. Thus, for the first free module it remains to check for generators in degrees greater than a. By regularity, we need only check for generators in degree a + 1.
Note that in Cases 1 and 2, we have t < r, where r = m(a) and r = n(a), respectively. In both of these cases, we see from the minimal free resolutions that (J Zr ) a generates (J Zr ) a+1 . Furthermore, it can be deduced from the Hilbert functions that (J Zr ) a+1 = S a+1 = (J Zt ) a+1 . Since t < r and the points are general we can, without loss of generality, take Z t ⊂ Z r . Then J Zr ⊂ J Zt , and we must thereby have that (J Zt ) a generates (J Zt ) a+1 . Hence, J Zt is generated only in degrees 3 and a, which gives us that the first free module in the minimal free resolution of J Zt is S(−3) ⊕ S(−a) 3a−b in both Case 1 and Case 2. For the first free module in Case 3, note that from the Hilbert functions and minimal free resolutions we see that J Z n(a) has a + 1 generators in degree a, no generators in degree a + 1, and that
Thus there can be no syzygy (possibly) involving f and the degree a generators of J n(a) such that the coefficients of these latter generators are linear.
Since in Case 3, Z n(a) ⊂ Z t and thus J Zt ⊂ J Z n(a) , we can take the 3a − b generators of J Zt in degree a to be a subset of the generators of J Z n(a) in degree a; in particular, there are also no syzygies of the above type among f and the generators of degree a in J Zt .
Since dim k (J Zt /(f )) a+1 = 3(a + 1) and dim k (J Zt /(f )) a = 3a − b, we must thus have
minimal generators of degree a + 1 in J Zt /(f ), all of which must lift to generators of J Zt of degree a + 1, since dim k (J Zt ) a+1 = a+3 2 and the only generators of J Zt in degrees less than a + 1 are f and the 3a − b generators in degree a. Hence, the first free module in the minimal free resolution of J Zt is S(−3) ⊕ S(−a) 3a−b ⊕ S(−a − 1) 3(b+1−2a) in Case 3. It remains to compute the last free module. We will use Remark 2.6. Recall that S/J Zt is artinian, and that ω S/J Z t denotes the canonical module of S/J Zt , i.e. ω S/J Z t = Ext 3 S (S/J Zt , S)(−3). The elements of a minimal generating set for ω S/J Z t correspond bijectively to a basis for the socle of S/J Zt . Since S/J Zt is a quotient of S/(f ), which has no socle, it follows that in any degree i where
, S/J Zt has no socle element in degree i, so ω S/J Z t has no minimal generator in the corresponding degree. From the Hilbert function (1, 3, 6, 9 , . . . , 3(a − 1), b), this means that ω S/J Z t has minimal generators only in the initial degree and possibly in the second degree.
To compute the number of generators of ω S/J Z t , we shall mimic what we did when finding the first free module of the minimal free resolution of S/J Zt . Now let i be the initial degree of ω S/J Z t . From the Hilbert function, we see that ω S/J Z t must have b generators in degree i, and that dim(ω S/J Z t ) i+1 = 3(a − 1). We shall compute the number of generators in the second degree for the canonical module in each of our cases via linear syzygies.
In Cases 2 and 3, we have Z t ⊃ Z r for r = m(a), n(a), respectively, and thus, as noted previously, J Zt ⊂ J Zr . Therefore, S/J Zt S/J Zr and so by duality, ω S/J Zr → ω S/J Z t . Thus, as when we were computing the first free module in Cases 1 and 2, we see that the only generators of ω S/J Z t are those in the first degree, since S/J Zr is level. Thereby we obtain that the last free module in the minimal free resolution for J Zt is S(−a − 3) b in Cases 2 and 3. Finally, for the last free module in Case 1, note that from the minimal free resolution for S/J Z m(a) , we see that the canonical module ω S/J Z m(a) must have all its minimal generators in its initial degree. Since dim k (S/J Z m(a) ) a−1 = 3b = 3(a − 1), it follows that the b minimal generators of ω S/J Z m(a) in the initial degree have no linear syzygies. Since ω S/J Z t → ω S/J Z m(a) , it follows that the minimal generators of ω S/J Z t of least degree also have no linear syzygies. Hence ω S/J Z t has 3(a − b − 1) minimal generators in the second degree, and so we obtain that the last free module in the minimal free resolution of J Zt is S(−a − 3)
b ⊕ S(−a − 2) 3(a−b−1) in Case 1. This completes the computation of the graded Betti numbers when a ≥ 4, i.e. for t ≥ 20.
The next result means that in particular, we have shown it for a = 2, 3. This case was handled by Casanellas in one line by invoking the Minimal Resolution Conjecture for points in P 3 , proved in [2] . In our case it is necessary to prove it directly, since it is not clear that a general set of t ≤ 19 points on our fixed X (possibly with singularities) is general in the sense of [2] . Proposition 3.4. A general set of 7 ≤ t ≤ 19 points on X has the expected resolution.
Proof. We first prove it for 7 ≤ t ≤ 10; for these we have a = 2. Note first that X contains five points, Y , in linear general position. It follows easily from [6] Theorem 5 that such a Y is arithmetically Gorenstein with minimal free resolution
Hence the methods in the proof of Proposition 3.3 give that the last free module is the predicted one for t = 7, 8, 9, 10. In all of these cases, I Zt contains a regular sequence of quadrics (3, 2, 1, 0 respectively) which have no linear syzygy. Hence as above, the number of minimal generators in degree 3 including f is the expected one, namely 1, 4, 7 and 10 respectively, and the regularity shows that there are no generators of degree ≥ 4. A calculation then gives that the resolution is the one claimed in the statement (note that n(2) = 7). It remains to prove the 9 cases when a = 3. From the proof above we see that it is enough to prove the cases t = 12 and t = 15, i.e. b = 2 and b = 5. We begin with t = 12. It is enough to construct one set of 12 points on X with the desired resolution, and then the result follows from semicontinuity (see Remark 2.14). To this end, we begin with a smooth arithmetically Cohen-Macaulay curve C 1 of degree 6 and genus 3 on X. The existence of C 1 can be seen as follows. The desingularization of X can be obtained by blowing up six points of P 2 , not necessarily in general position or distinct ( [13] p. 640); the image of a general line in P 2 under the blowup is a twisted cubic curve, which is directly linked in P 3 by X and another cubic surface to such a curve C 1 . Since the twisted cubic moves in a base-point-free linear system, by Bertini we see that C 1 can be chosen to be smooth and to avoid all the singular points of X. Such a curve has minimal free resolution 0 → R(−4)
h-vector (1, 2, 3), and in particular does not lie on a quadric surface. Choose a set, Y , of eight general points on C 1 . There is a pencil of quadrics through Y , so its base locus is a smooth complete intersection curve, C 2 , of degree 4 and genus 1 meeting C 1 in the eight points, Y .
Claim. C 1 ∪ C 2 is arithmetically Cohen-Macaulay and does not lie on any cubic surface. Its h-vector is (1, 2, 3, 4) and its ideal is generated by five quartics. To see this, note first that once we show that C 1 ∪ C 2 does not lie on a cubic surface then the claim follows immediately: indeed, consider the exact sequence
Since C 1 and C 2 do not lie on a common cubic surface, we see that the two quadric generators of I C2 span a subspace of S 3 that meets the subspace (I C1 ) 3 trivially, hence I C1 + I C2 has two minimal generators of degree 2 and four of degree 3. But this is equal to the saturation of I C1 + I C2 , namely I Y , the homogeneous ideal of Y . Hence sheafifying the above sequence and taking cohomology (remembering that C 1 and C 2 are arithmetically Cohen-Macaulay) gives that C 1 ∪ C 2 is arithmetically Cohen-Macaulay with the claimed h-vector, from which the claim about the minimal generators follows trivially.
We now show that C 1 ∪ C 2 does not lie on a cubic surface. First note that any cubic surface containing C 1 is irreducible, since C 1 does not lie on a quadric. Hence C 1 ∪ C 2 lies on at most one cubic surface. Furthermore, note that C 1 does not lie on a cone over a plane cubic curve, since it is a smooth curve of degree 6 that is not a complete intersection.
Next we count how many complete intersections of type (2,2) lie on an irreducible cubic surface X (not necessarily smooth). By the following sequence of observations we will see that this family has dimension 4 if X contains finitely many lines, and that this is the only case that we have to consider.
(1) If D is such a complete intersection on X , then there is a pencil (P 1 ) of conics linked to D on X . Indeed, any quadric containing D cuts out a residual conic, and there is a pencil of such quadrics. (2) Any such conic is linked on X to a 4-dimensional family of curves of degree 4 and arithmetic genus 1, the general element of which is the complete intersection of two quadrics. Indeed, let E be such a conic. E is cut out by some quadric, Q, and some plane, L, and so the family of quadrics which contain E is generated by Q, Lx 0 , Lx 1 , Lx 2 , Lx 3 . The residual to E in the complete intersection of any quadric in this family and X is a curve of degree 4 and arithmetic genus 1, and two such quadrics cut out the same curve if and only if they differ by scalar multiples. The general such quadric can be chosen as a minimal generator of I E , so by the mapping cone the residual is a complete intersection. To establish our claim that C 1 ∪ C 2 does not lie on a cubic surface, suppose that for general choice of the eight points Y on C 1 , there is such a unique cubic surface, X , containing C 1 ∪ C 2 . Such a surface in particular contains C 1 , so it is an element of the projectivization of (I C1 ) 3 , which is a P 3 . Notice that the general cubic surface containing C 1 does not have a double line, by Bertini's theorem. We thus have some open subset U of the 8-fold symmetric product of C 1 (see [1] page 18) and a map φ : U → PH 0 (P 3 , I C1 (3)) = P 3 . But U is 8-dimensional, while the generic fibre of φ has dimension ≤ 4. This contradiction establishes our claim.
If we now choose a general complete intersection of type (4, 4) containing C 1 ∪C 2 , we easily compute that the residual, C 3 , is again an arithmetically Cohen-Macaulay curve of degree 6 and genus 3 with minimal free resolution
But now C 1 ∪ C 3 is linked in the same complete intersection to C 2 . Again standard liaison methods give that C 1 ∪ C 3 is arithmetically Cohen-Macaulay, and that it is level of type 2 with h-vector (1, 2, 3, 4, 2). It follows from the "linked-sum" trick (cf. [10] §5.4) that the sum I C1 + I C3 is the saturated ideal of a level set of points, Z 12 , on X with h-vector that we compute to be (1, 3, 6, 2) . We thus have the short exact sequence 0 → I C1∪C3 → I C1 ⊕ I C3 → I Z12 → 0, and a mapping cone gives the resolution for I Z12 (which is the desired resolution for a set of 12 general points on X), namely
By making general choices, we see that all of the curves that we have constructed can be chosen to avoid singular points of X, so in particular Z 12 avoids the singular points of X. Thus by Remark 2.14, a general set of t = 12 points has the desired resolution.
The case of 15 general points follows easily from this. Indeed, we begin with a set of 12 general points, for which we have just computed the minimal free resolution. Linking with a complete intersection of three cubics gives a residual set of 15 points whose minimal free resolution is the expected one. Hence a general set of 15 points has this resolution. This concludes the proof. Now that we know that it suffices to find the minimal free resolution for m(a) and n(a) general points, and that the resolution is the right one for up to 19 points, we will use an inductive approach to establish these critical values for each a. As in the case of 12 points in Proposition 3.4, for m(a) we will produce one set of m(a) points on the smooth locus of X having the correct resolution, and then it will follow for a general set by semicontinuity. Proof. We will construct a smooth arithmetically Cohen-Macaulay curve C a containing Z n(a−1) , find an arithmetically Gorenstein set of points G a on C a containing Z n(a−1) , and verify that the linked set of points is a set of m(a + 1) points with the expected resolution. This linked set is reduced and lies entirely on the smooth part of X, so by semicontinuity Z m(a+1) has the expected resolution.
The curve C a is, numerically, one of the curves used by Hartshorne [15] and by Casanellas, but we construct it in a slightly different way, avoiding the language of divisors on a smooth cubic surface. To accomplish this, let E be a twisted cubic curve on X avoiding the singular points, if any, of X. (X can be obtained by blowing up six points of P 2 , not necessarily in general position [13] , and E is the image of a general line in P 2 .) Let F be a general surface of degree a + 1 containing E, and let C a be the residual to E in the complete intersection of X and F . From the minimal resolution of E and that of the complete intersection, an easy calculation using the mapping cone procedure gives that the minimal free resolution of C a is 0 → R(−a − 2) It should be noted that C a has degree 3a and arithmetic genus 3 a 2 (which can be computed by the genus formula -cf. Corollary 5.2.14 of [19] ), and that the above dimension agrees with Hartshorne's d+g −1 ([15], Proposition 2.4) for his curve iii). Clearly there is a regular sequence of type (3, a, a) in I Z m(a) . Linking using the Koszul resolution for this complete intersection, and again applying the mapping cone operation, we obtain the desired resolution for the residual Z:
Since this is the expected resolution for n(a) points, the result again follows by semicontinuity.
Proof of Theorem 3.1. Proposition 3.4 establishes the result for all values of t between 7 and 19. In particular, it establishes it for n(2) = 7 points, for m(3) = 12 points, for n(3) = 15 points, and for all t in the range where a = 3. The result then follows using the five propositions and applying induction.
Remark 3.7. The approach to the Minimal Resolution Conjecture on a surface in P 3 , as begun by Casanellas for smooth cubic surfaces and refined here for the case of cubic surfaces with at most double points, will extend to many other situations. The second author is exploring these in her thesis.
